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In educational research and -evaluation the unit of analysis is

frequently some aggregate of Smaller units. A popular example is the use

.of classrooms, where an observation on a claSsroom is defined by some

function of the observations on the students in the, classroom. The

purpose of the present paper is to consider the problem of estimating the

*reliability of a test attendant to- the use of aggregate units. More 'L )

‘specifically we prove that.a currently recommended method of estimating

the reliability of a test’ defined on a population of aggregate units is
invalid Our discussion is limited to the situation where individuals

/are measured by a uni—dimensional test and observations on aggregate

" units are defined by the mean of the observations of individuals comprising

@

the aggregate units. : .

The paper proceeds by first considering the relatiomship between the
reliability of a test for a population of aggregate units and for the -
population of. individuals used to form those aggregate units Next, we
défine the method of estimating reliability that is shown to be invalid. .

‘The analytic demonstration of invalidity is supplemented by a numerical

example.

The-reliahility of a test for aggregate units

It is well known that the reliability of an instrument ‘can vary across

populationg for which the instrument may beAused; Even when the set of

'individuads is held constant the cboice'of‘unit.of analysis represents a

_further definitidn'of.the population. It follows that for a given' set

of children, the reliability of a test for the population of child;eh
might well differ from the reliability'of the same test for the population
of classrooms in which the children experienee‘their schooling. Similarly |
the reliability fdr-this population of classrooms might differ from the
reliability for the population of schools in which the classrooms are
nested. ' | : : | ‘ - ' }
Shaycoft. 61963) has investigated ‘the relationship between the
teliability of a test for a population of individuals and its reliability.
for a population of aggregate units formed by those individuals, She
pointed out that the two reliabilities will be equal if the aggregate units

« are formed randomlyé The reliability of a test for aggregate units will
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be greater than for individuals.when the variance cof the aggregate unit
means is greater than what would be expected by random grouping.

" Although this is typically the case in education she goes on tc say that
the reverse will be true when the variance of tlie aggregate meanslis lege
than would be expected'from random grouping. The size of the difference

) between the two reliabilities is a function of '

1) the degree of departure from randomness,
. 2) the .number of individuals in each aggregates
3) - the size of the reliability defined on individuals.
The invalid method of estimat}EgLreliability )
.The method to be considered for estimating the re1iabi1ity of an

1nstrument for a population of aggregate units can be described using
schools as an example.' First, randomly split each school into two halves
and obtain a score on the instrument for each random half.v Then, calculate
the correlation between the two half unit scores by a Pearson product
moment correlation coefficient. The re1iability defined on schools is

'obtained by correcting the correlation coefficient using “the Spearman-

Brown prophecy formula. o _ ,' - R e

Our first exposure to the above described method ‘of estimating reliabil-
ities was during the second author s participation in a consultant panel
~conference on the evaluation of thé Follow Through Program. At that
conference the method_was suggested for eatimating reliabilities of
‘pretests where school was the unit of'analyeis. The re1iabilitiesiwere
‘needed for subsequent corrections to be made in analyses of covariance. -
Later”we discovered that the procedurelhad beeri uged, except for the'part
linvolving the Spearman-Brown correction, by Dyer, Linn, and Patton (1969)
as a method for estimating the reliability of test defined on a
population of school systems. O'Connor (1972) used Dyer, et al
reliabilities in an example, but first corrected them using the Spearman—
Browvn formula to obtain estimates of the parallel forms re1iabilitiee
based on the full school systems. ‘Since the prOcedure for '‘estimating )
the reliability of a test defined on a.population of aggregate units has
enjoyed some popularity, it is of’ interest to investigate the properties

[:R\!: of the procedure.. . \
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Analytic Demonstration

Oun general approach was to compare the procedure fof estimating
reliability under inQestigation to the standard method of forming
random split halves of items on'the test, where a aebool's score on &
split half of the test is the mean score for Eie students in the school.

Where“the two prbcedures are not in agreement the former is considered in

" etror. -

Starting with the split units procedure,’tﬁe correlatibn between
half unit sceres on the full test is by definition

IS N . . ) T . N
[ zx' L]
. Malled oF
B tyt »
) B xlxz nainXE,Q .

where xi and‘xé=eie deviat;on.half unit scores on the full test for the °

(1)*

two sete—of halves, ai, and Oyt are the two stan%erd deviationa:m;nth

2 . o

1 e At

- ' . o ~ -
is the number of units. Assuming the two standafa deviations to be equal
(which 1s%the long run expectation) and that true scores and errors of

measurement are independent for half units, ot
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where ti and té are true devistion half unit .scores on the full teet;

o : A '
Further the correlation between the true half unit_scores on the full

test is by definition . o

- .o , N
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which simplifies to”

. . tg'
xN .
It '-t' .
' 172 .
- | Tgepr T, i (3)
» . 172 NOT.OT. :

1“2 | o

given the assumpfion'that UT,’- Cpee By way.of equation (3), equation (2)
. : 2 : _ ) :

1
‘becomes

. O
1 —
Toryr = Trgme—t (%)
xlx' T'T' .
M1t 1 2"?{'. |
1 K

Now ai. and oi._need to be defined in terms of half test,for full
1 . & _ ST it

4&d£?staéistics._ First, consider Oii. Letting-XI and Xé denote half-

test scores for_fﬁll units and assuﬁing that the variances of the two

" half .test scores on full units are equal,-o;1 --ai ’ it follows that the
variance of the full test for the fpll units is ' :
" 2 2 S '
oS =20 +2r, L0 R (5) -
X ) 3{1 fxlx2 x]. : .

“where rxlx denotes the correlation between half-test scores for full-
2 | . | e . B

i i . !

- "units. But, the variance of the full-test.for full units is alsq'_

O
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ok = 1/4Q20%, + 260,005 , . (6)
_, 1 1%2 % 7
'_since v
. S X+ X 5
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it X=2——= %
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Elil(:J*This~is not exactly/trqé'got'units cdmp:iged of an odd gumberidf subunits. |
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Using equations (5) and (6)
2.,
xi) ]

‘2. 2 ) 2
Zax + 2rX x.%% 1/4(20,, + 2r 4,40

1 ]
1 1%2 %1 DR TR L
“from which it follows that

1+ ) _
.2 x1 XX, o
» r ' ' '
: X%

A-similar strategy can be used to define d%. in terms of ‘half test
1

full unit stétistiéa. Letting T and T denote true half-test scores for

full units and agsuming that the variance of the two sets of true half teat ,

2 2
_scores are equal, og,, = 0, ,
‘ T T

for'thg full test is

it follows that the variance of the true- scores
: 3 o

2 -

2 2 .
o, = 20, + 2r On 5 (8) -
| T T, :sz.Tl | _ A
where r, T 1s the correlatior between T, and T,. By classical measurement
1 2 . N -
theory To p ”equais one so that gﬁuation (8) becomes
' 172 :
Op 40T1 . o (9

. But the varidnce of true scores for the full test is also
. : [

2
= 1/4(20T, + 26,0002 (10)

1 12 "1
where again the prime indicates that:the statistics are for half units on

the . full test. Using equations (9) and (10)

) .
4o = 1/4(20 v + 2r ' ' 0 ') >
I T 1T2 T1 '



from whichk it follows that ) ’

T ey o
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Returning to equation (4) and using the definitions provided by equations |

o
{7) and (11) _ . . ,

1L 2
_ . / . 89"1' y
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ok : o LoH\ro TR ‘
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r = ' s
X% 40§ A+ )
1 %%
1 +r e | )
X%
which reduces to .
i 2rT T,az 1+ ,x.) :
. & %1% |
Txrx! *
1%2 .
(L+r ,)a Q +r ) .
I KT NG Y
SolVing for rxixé »
. . : v . ] : .
S . : . 2 (12)
. = . te i Zr T 'U ) . .
A | o375, R
xxy T 1+ Yo (1 + ) -2 2 .
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Since r, y 4s the reliability of the half test for full units it follows

that _ . - ) .a% ‘ i :
(W ¥4 o 1 ) . L : -
X 2. v .
<f1 2 ok |
. N 1 o



Substituting the definition'proéided by equation (13) into equation (12)

-

. , 2r 'T'rXIX
. Torwy = .
. T L I A K N D B TN ’
L e R ST Y T X
_which reduces‘to_ '
"r”.*;-- x1x2 TlTZ . |
X - 2-Q - Qa - W) . (14)
172 xlx 1Ty

» From eqaation (14) it follows that the two procedures for estimating
‘reliability yield identical results when the correlation between the .

true half unit scores oa tﬁe'§u11 test, rT,T,; equals oae; Given:random
' 172 '

splits on the units, rT T will equal -one only when the standard error of -
‘172 .

the difference betweenlthe true score'means of each pair of half Units
‘is zero. The standard errors have expectations greatzgjthan:zeroéfOr
A-schoois of finite size. -Thus for practical situations the spiit unit :
protedure does not yield results identical to the split test procedure.-
Since we know that the estimation procedure under investigation is.
not im agreement with-the standard it is of interest to describe the

nature of their lack of agreement. Our approach was to consider relative

error (RERR) where RERR 1is defined as true estimate — new estimate.
: » true estimate

Defining-rxixé as the true estimate and rXiXé as the.new estimate, we

obtain

) ' ) = 2r ' i “
. EmR L - [ xlx2 T1T2
1 - D & ¢ 2 - (1 - T ) (1 T )
. : 172 xlx . T1T2 w

r

X,X,




‘This reducés to

r 1+ - » '
XX, xlx2 4 T1T2 . xlx2 'rl'r2 -
r [2 - (1 )(1 ' n)]
% xlxz 14Ty
- . Q- T1Ti)(1 + rxlxz ) .
or RERR = : . . Q@s)

2-( -1« Y1 - r .)
ST N Tsz
prpr = 1.00, RERR = 0 which agrees with our earlier
172 ,
finding. In order to find when RERR is a maximum, we took .the i

Note that when r

derivative with recpect to r . The values of r that make'the
XX XX :
e . 172 L 12 _
: derivative zero give the points of Ty x ‘where RERR is maximized;"Wb -
v - _ : 1%2 :
found that there are no maximums or \inimums except at the endpoints.
oince Ty x is bounded by 0 and 1, wé found for Tpege >0 that’
_ 12 - - 172
.———<RERR<l—r ,andfo .<'0that—'——-—-3_R£RR3_
1+ Tpa T, | 13T R T
172 172
l-r.¢yms- Also since RERR is always positive for all values of T '
TIT T!T
12 - 172
and r s it follows that r_,., STy xo¢
e X1X2 xlx2 1x2

) Since for all practical situations the correlation between half
* " unit scores for the full test has been shown to be less than the
correlation between half-test scores for the full units, their Spearman-
~ Brown corrected counterparts must maintain the same inequality. The ‘
conclusion is that the split units method-provides an underestimate of
the reliahility of a testzdefined on a population of aggregate units.
Example T - \ )

In order to illustrate the inequality of the two procedures for
estimatinthhe reliability of a test for a population of aggregate units,

we used data on children in 35 c1assrooms ranging in size: from 6 to 17



children. The basic data consisted of children's responsés to the .
thirteen items on Part A of the Reading Subtest of the MAT Primary Level II,
Form F. The children were second graders tested in the spring of 1973.

' A table of random numbers was used to split each class. into two
halves, then half class means on the full test were calculated. The -
mean and variance of the half class means for one set of half classes were.
6.29-and 3.02 respectively, while the mean and variance of the other set
of half classes were 6 40 and 2.72 respectively. The mean equality of the
two variances supports the practical utility of the® corresponding assumption
of equal variances, made in theuprevious analytic demonstration. The
~— correlation between the two sets of half class means was ,17. The Spearman-

x Brown correction yieldsthe value .%9 o -

A table of random numbers was lalso used to split the test into two-

halves, then full class means on. thF half tests were. calculated The mean
and variance of the full class means for one half of ‘the test were 2, 62
ard .38 respectively, while the mean and variance ‘for ‘the other half of
the test were 3.70 and .56 reSpectively. Again the two variances were
. nearly eqpal which supported the corresponding assumption made. previously.
For longer tests or tests ~with an even «number of items the assulmption of
equal half test variances is even more likely The correlation between the
two half tests was .82 which became .90 using the Spearman~Brown ¢correction.
'. Thus for the example ‘the discrepancy between the two procedures for
'estimating reliability was ‘substantial and in the predicted direction.ﬁ
; A secondary interest was to use the . data to provide an example of
the difference between the: xeliability of a test for aggregate units and
"the same test-for the individuals comprising those aggregate units. Using
the same split of ‘the test as previously, the: correlation between the two
halves, for children was .41 which became .58 using the- Spearman-Brown )

correction. .
Conclusions ' f“\\\<
.» ‘ When the unit of analysis is some aggregate unit, the reliability of a‘
| test should be reported for the population of aggregate units rather” “than
for the population of individuals which form those units. In theory the
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size of the reliabilites for the two populations of units cen differ in

"

either direction, but in educational research the reliability defined on the

s

population of’ aggregate units will typically be the 1arger.

The procedure of estimdting the reliabilitylof a test for aggregete“
units by forming split units, systema}ically underestimates the reliability
- and so should not be used One acceptabie method for'estimating the
re1iabi1ity of a test for aggregate units parallels’ the familiar split test
method. Shaycoft (1963) has provided other estimation procedures that are
a function of the reliability of the ‘test for the population of individuals
on which the aggregate units are defined ' . .

The uﬂility of our finding can- be illustrated hy an example. Vhen
an educational researcher is attempting to "tease out" causal relation-
ships where random assignment has not been employed, he sometimes uses‘ .
partial correlations or estimated true scores analysis of-cdvariance ¥
(Porter,"1973) For the former, the correlations of the varieble being
_ontrolled with the other variab1es should be corrected for attenuation
~ (Kahmeman, 1963) . For the latter the reliability of the covariate can be -
used in estimated true scores analysis of covariance (Porter, 1974). When
. the unit of ‘analysis represents some aggregateqof smaller unité,.ﬁhe o -
: reliahilities used for the "corrections should be defined;on'the_population '
of'aggregate units. The method investigated here would provide reliability
coefficients which are too small and ®hus caure: the statistical analyses

"to over-correct for the control variable.

-



v " References

Dyer, H. S., ‘tinn, R..L., and Patton, M. J. A comparison of fourzmethods
of obtaining discrepancy measures based on vbserved and predicted
school system means on achievement tests.’ AERJ, 1969(6) 591-605.

{

o

N Kahchln,_ D. Control of spurious association and the reliability of the
N controlled variable. Psychological Bulletin, 1965, 64 326-329.

0 Connor, Test theory and the measurement of change, RER, Winter 1972 42,1,

Porter, A. C. Analysis strategi§§ for some common evaluation paradigms. ‘ N
Paper presented at the meetings of the .American Educational. Regsearch
Association, 1973.. 7 : :

S Shaycoft. M. F. The statistieal characteristics Of‘school .means. 'In

C Flanagan, J. C., Dailey, J. T., Shaycroft; M. | Otr, Ds B., and
“Goldberg, I..-Studies of the American high school. (Final report to
the U.S. .Office of Educatior, Cooperative Research Project No. 226),
Washingion, D.C.t Project TALENT office, University of Pittsburgh, R
1962. - i . ‘

Shaycoft. M. F. The ude of school means as variables. Revised version
+  of a paper presented at the annual meetings of 'the American Psychological
Association, Philadelphia, September, 1963.,

vy

@ A . : . ) . o . ‘ ”[

%

AN

K

PR

- I =



